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Abstract: We revisit the calculation of curvature corrections to the pp-wave energy of 
type IIA string states on AdS4 x CP'^ initiated in arXiv:0807.1527. Using the near pp-wave 
Hamiltonian found in arXiv:0912.2257, we compute the first non-vanishing correction to 
the energy of a set of bosonic string states at order 1/ R^, where R is the curvature radius 
of the background. The leading curvature corrections give rise to cubic, order l/R, and 
quartic, order 1/R?, terms in the Hamiltonian, for which we implement the appropriate 
normal ordering prescription. Including the contributions from all possible fermionic and 
bosonic string states, we find that there exist logarithmic divergences in the sums over 
mode numbers which cancel between the cubic and quartic Hamiltonian. We show that 
from the form of the cubic Hamiltonian it is natural to require that the cutoff for summing 
over heavy modes must be twice the one for light modes. With this prescription the 
strong- weak coupling interpolating function /i(A), entering the magnon dispersion relation, 
does not receive a one-loop correction, in agreement with the algebraic curve spectrum. 
However, the single magnon dispersion relation exhibits finite-size exponential corrections. 
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1 Introduction and summary 

The AdS/CFT correspondence [1-3] predicts that the energies of excited states of super- 
strings living on certain backgrounds should match the anomalous dimensions of operators 
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of the dual gauge field theory. In the planar limit of the correspondence the string cou- 
pling is zero, but the string still lives on a non-trivial curved background which means that 
the corresponding two-dimensional world-sheet theory is not free. In general this makes 
computing the superstring spectrum in such backgrounds a difficult problem. 

However, the complicated interactions in the superstring world-sheet theory vanish 
when taking a Penrose limit of the geometry where the string lives [4, 5]. It is then 
possible to compute curvature corrections to the free string spectrum as a perturbative 
expansion in inverse powers of the curvature radius R of the background. 

This approach was developed by Callan et al. in [6, 7] for the AdS5/CFT4 duality, 
so far the most well-understood example of a string/gauge duality, which states the corre- 
spondence between type IIB superstring theory on AdSs x and Af = 4 super Yang-Mills 
(SYM) theory in four dimensions. The results of [6, 7] and the corresponding analysis on 
the gauge theory side [8], have been fundamental in the study of the integrability of the 
AdS/CFT correspondence. Refs. [6, 7] produced the first evidence of the famous three 
loop discrepancy between anomalous dimensions of gauge theory operators and energies of 
the dual string states. This discrepancy was subsequently understood and solved by the 
inclusion of the dressing factor, that interpolates between weak and strong coupling, in the 
Bethe equations that describe the spectrum of the gauge and the string theory [9-12]. 

More recently a new exact duality between gauge and string theory has been proposed, 
type IIA superstring on AdS4 x CP^ is dual to a certain limit of AB JM-theory [13] . AB JM 
theory is an A/" = 6 Chern- Simons-matter gauge theory dual to M-theory compactified on 
AdS4 X S'^/Zfc. It has a U(A^) x U(A^) gauge symmetry with Chern-Simons like kinetic terms 
at level k and —k and in the region where the 't Hooft coupling A = -^isl^A^A;^, the 
gravity side can be effectively described as a type IIA superstring on AdS4 x CP^. 

Having this new AdS4/CFT3 duality naturally brings up the question of its integrabil- 
ity which in fact has received a lot of attention [14-23], [24-32]. In particular an all-loop 
asymptotic Bethe ansatz has been proposed [33] and recently a set of functional equations 
in the form of a Y-system has been formulated also for the AdS4/CFT3 duality [34-37]. 

In this Paper we fill a gap in the study of the integrability of this theory, by performing 
a complete calculation, as that in [6, 7] for the AdS5/CFT4 duality, of the curvature 
corrections to the pp-wave energy of a set of bosonic type IIA string states on AdS4 x CP^. 
This investigation was initiated in [18] and subsequently revisited in [20, 38]. However, 
only in [39] was the interacting Hamiltonian for quantum strings in a near plane wave limit 
of AdS4 X CP'^ computed in full, including all the fermionic contributions. This is given 
as a perturbative expansion in terms of inverse powers of the curvature radius ^ R of the 
form 

H = H2 + ^H3 + -^Hi + 0{l/R^) 

= H2,B + H2,F + ^ {Hz,B + H^,Bf) + ^ {Hi,B + ^4,F + ^4,Bf) + 0{l/R^) (1.1) 

The quadratic Hamiltonian H2 is nothing but the plane-wave free Hamiltonian where the 
fermionic and bosonic fields are completely decoupled [15, 16, 40, 41]. A characteristic of 

^In our notation R is the radius of CP"^, cf. appendix A. 
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this theory is that at the pp-wave level, the 8 massive bosons and 8 massive fermions have 
different world sheet masses. 4 bosons and 4 fermions are "heavy" , whereas the remaining 
4 bosons and 4 fermions are "light" with a world-sheet mass which is half of that of the 
heavy modes. 

At the next-to- leading order, the computation involves a new feature compared to the 
case of type IIB string theory on AdSs x S^, namely, a 1/R correction cubic in the number 
of fields, appears in the Hamiltonian [18]. H^ b has three bosonic fields and H^^bf one 
bosonic and two fermionic fields. The perturbed energy of the string states is computed 
through standard perturbation theory. The 1/R correction manifests itself only at the 
second order in the perturbative expansion, order since at the first order it gives 

a vanishing contribution. Finally the order term in (1.1) is an interaction quartic 

in the number of fields contributing to the energies at first order. -ff4,B has four bosonic 
fields, H/i^p four fermionic fields and -ff4,BF two bosonic and two fermionic fields. The first 
non-trivial correction to the energy of a string state then appears at order 1 / R? and reads 



where |e) is a certain external state with zeroth order energy and \i) is an intermediate 

state with zeroth order energy e\\^ . Eq. (1.2) corresponds, on the dual gauge theory 
side, to finite size corrections at order 1/J to the anomalous dimension of gauge theory 
operators (where J corresponds to the i?-charge of these operators). The near-plane wave 
configuration around which we are perturbing is the one described in [16], where the string 
is a point-like configuration sitting on the equator of one of the two 2-spheres embedded 
in CP^ and fast rotating with an angular momentum J. 

The first term in (1.2) is a completely new feature of the AdS4/CFT3 duality, it can 
be considered as a one-loop effect generated by the cubic Hamiltonian. It gives logarithmic 
divergences in the sums over intermediate states. These divergences must be canceled by 
the second term in (1.2), generated by the quartic Hamiltonian, which, consequently, cannot 
be normal ordered, as it is for type IIB superstring on AdSs x [6]. The starting point for 
the computation of the perturbed spectrum (1.2) is the Hamiltonian obtained in [39], which 
we now need to quantize and diagonalize. The key observation is that such an Hamiltonian, 
as well as the Lagrangian, have been derived as classical objects. This implies that when 
one promotes the classical fields to quantum operators, an ordering ambiguity appears. 
Such an ambiguity in the normal-ordering prescription was already discussed in [6] for 
the AdSs x string case. There it was shown, using arguments based on the fact that 
the AdSs x is a maximally supersymmetric background, that the quartic Hamiltonian 
is normal ordered (the sextic Hamiltonian is most likely not). In the AdS4 x CP^ case 
however, we will show that, in order to obtain a finite spectrum for string states, one 
has to introduce a non-trivial normal ordering prescription for the quantum Hamiltonian. 
The appropriate normal ordering prescription turns out to be the Weyl prescription, the 
completely symmetric (or antisymmetric in the case of fermions) prescription. With such 
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a prescription, when all contributions are assembled, divergences cancel, leaving a finite 
result which we compute in full. 

£'P^ will be computed for two-oscillator states in the SU(2) x SU(2) sector of CP^, as 
well as for a state with a generic number of oscillators in the SU(2) x SU(2) sector where 
the mode numbers are all different. Moreover we will consider two-oscillator bosonic states 
outside the SU(2) x SU(2) sector, but stih inside CP^. 

We denote the two-oscillator states in the SU(2) x SU(2) sector as the state \s) where 
the two oscillators are in the same SU(2) sector and the state \t) where there is one oscillator 
in each SU(2) sector [18]. Our results for these two states are 



= '-^1^, ^ - 1^ yjl- i-m Koi^cg) (1.3) 



and 



where ujn = \ -|- is the pp-wave energy of a light mode, c = M = — ^ = — ^fr 

V ^ ^ ny 1\ 7rv2A 

and Kq{x) is the modified Bessel function of the second kind. The first terms in both 
Eqs. (1.3) and (1.4) were already computed in [18] where only the purely bosonic part 
in the SU(2) x SU(2) sector of the full Hamiltonian was considered and the divergences 
appearing in the computation were treated using zeta function regularization and assuming 
normal ordering for the quartic Hamiltonian. Here instead we perform the computation 
including in the Hamiltonian all the bosonic and fermionic fields, as derived in [39]. We 
show that, after using the appropriate normal ordering prescription, we obtain the result 
given in Eqs. (1.3) and (1.4), where the last sums containing the Bessel functions are 
exponentially suppressed in the limit of large c (small A' = A/J^). 

The results (1.3) and (1.4) are free of divergences, but there is at the moment an 
interesting discussion among the scientific community about how to correctly regularize the 
sums over mode numbers [42-46] leading to one-loop energies as those in (1.3) and (1.4). 
We face here the same issues, however, from our quantum string world-sheet calculation we 
have evidence that the most natural prescription is the one proposed in [33, 45, 46] which is 
in agreement with the algebraic curve spectrum and the results inferred from gauge theory 
calculations [47, 48]. We shall give details of our regularization prescription, which leads 
to the energies (1.3) and (1.4) for the \s) and \t) states, in Section 3. 

After fixing the light-cone gauge and ^-symmetry, the residual symmetries of the theory 
fix the form of the light-magnon dispersion relation 



^ + 4/i2(A)sin2| (1.5) 

but not the function h{\) [15, 16, 40], which interpolates between strong and weak gauge 
theory coupling regime. In the AdS5/CFT4 duality the magnon dispersion relation is 

E = Jl + f{\)s\v? I [49, 50], where the function /(A) turns out to be equal to ^ both 
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at strong coupling and weak coupling. In contrast, earlier studies of the BMN limit in 
the AdS4/CFT3 duality revealed that the function h(X) behaves as A + 0{X'^) at weak 

coupling [14, 15, 40] and as y'^ + 0{\^) at strong coupling [15, 17, 40]. Furthermore, 
the interpolating function has been computed up to four loops on the gauge theory side 
in [22, 23, 48]. The semiclassical analysis of the folded and spinning strings has led the 
authors of [19, 42-44] to conclude that there should be a one- loop correction of order A'^ 
entering in /i(A) at strong coupling, namely that 

MA) = /| + ar + o(-^) with ar = --^, A»l (1.6) 

where the superscript WS stands for world-sheet. 

Using instead predictions based on the algebraic curve, the Bethe ansatz of [33, 45] and 
the extrapolation to strong coupling of the all loop ansatz of [48], it seems that the first 
non-trivial contribution to the interpolating function should start at higher order, namely 
that 

h{X) = J^ + af^ + (-^] with af^ = 0, A>1 (1.7) 



2 ' \VX 

where the superscript AC stands for algebraic curve. 

The two different values for the one-loop correction oi to h{X) originate from different 
regularization schemes employed in the two types of analysis. In particular two different 
prescriptions have been proposed for summing over mode numbers [45, 46]. The important 
point is that the two prescriptions differ by a constant factor, which affects the result and, 
in turns, is experienced as a one-loop contribution, i.e. , o^^ ~ ©(A'^), to the interpo- 
lating function h{X), thus affecting the magnon dispersion relation (1.5). The motivation 
behind the different prescriptions is essentially that in the one giving a]^^ one treats all 
modes on an equal footing, while in the one giving a^^ one distinguishes between light and 
heavy excitations of the theory. The idea behind the latter regularization is that heavy ex- 
citations are not fundamental but rather bound states of two light fundamental modes [21]. 
This leads to the choice of a different cutoff for the two kinds of excitations. Here we show 
that the cubic interaction Hamiltonian naturally leads to the cutoff on heavy modes to be 
twice that on light modes. 

The curvature corrections to the string state energies we compute in this Paper, would 
feel the presence of an ai term in h{X). In fact in the BMN limit the momentum in the 
dispersion relation (1.5) is p = and expanding for large J using a non vanishing ai in 
h{X) gives 



E 




/l , o\/ 2 2 I 

~ W - + 2A'n^7r^ H 

V 4 J 



(1.8) 
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namely a j = term with half integer powers of A'. Such a term could in principle 
appear in (1.3) and (1.4), which are the finite size energies of two light magnons, but with 
our regularization it does not. The expansion in powers of A' of the first terms in (1.3) and 

(1.4) gives integer powers of A' while the sum with the Bessel function gives non analytic 

j_ 

terms that go like ~ e We have thus to conclude that ai = 0, in agreement with the 
algebraic curve calculation. 

The sum in (1.3) and (1.4) appears diagonally also in the corrections to the energy of 
states with a generic number of oscillators with different level number and also in the finite 
size corrections to the energy of states outside the SU(2) x SU(2) sector, see Sections 3 and 
6. Therefore, it appears in all the string states we have considered and can be ascribed 
to a finite size correction of the single magnon dispersion relation (1.5). Actually further 
evidence of this interpretation is provided by the fact that if one considers a single oscillator 
state in one of the SU(2)'s, relaxing the level matching condition, in its spectrum the same 
sum as in (1.3) and (1.4) appears, see Section 3. This one-loop effect should be generated, 
in the dual gauge theory, by wrapping interactions and should in pri! nciple be computable 
applying Liischer's corrections to the study of the worldsheet QFT of the superstring (see 
the recent review on the subject [51] and reference therein). This is then another instance of 
the exponentially suppressed finite size corrections to the magnon dispersion relation that, 
for type II A superstring on AdS4 x CP^, were first computed in the giant magnon limit in 
[17] (see also [52, 53]) and derived from Liischer's corrections in [54-57]. In conclusion, our 
results are compatible with a single magnon dispersion relation which in the near BMN 
limit has the form 



E 




2 Avw °° 



(1.9) 

The Paper is organized as follows. In Section 2 we describe the procedure, the light- 
cone gauge fixing and derive the mode expansion and the pp-wave spectrum. 

In Section 3 we explicitly compute the energies of the string states \s) and \t) de- 
riving the equations (1.3) and (1.4) and those for a generic number of oscillators in the 
SU(2) X SU(2) sector when all the mode numbers are different. In Section 4 we describe the 
regularization procedure we use, by showing that the cubic Hamiltonian requires that the 
cutoff for summing over heavy modes must be twice that for light modes. We also comment 
on other regularization prescriptions which would lead to (1.8) with a non vanishing ai. 

In Section 5 we discuss our normal ordering prescription, showing that it is consistent 
with the pp-wave algebra of generators. In Section 6 we compute the first finite size 
correction also for states outside the SU(2) x SU(2) sector of CP'^ showing that they are 
consistent and finite. In Section 7 we draw our conclusions. 

The appendices are devoted to the review of the geometrical setup, the Penrose limit 
we use, the explicit expressions of the interacting Hamiltonian used in the calculations, to 
the conventions on gamma matrices and to the small c expansion of the sum in (1.3). 
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2 Preliminaries 



The type IIA superstring we are interested in, lives on the AdS4 x CP^ background with 
a two-form and four-form Ramond-Ramond flux turned on. The metric and the explicit 
expressions for the field strengths are given in the appendix A. As explained in the intro- 
duction, we want to compute near-plane-wave corrections to the energy of such a string, 
with a particular interest for states which are in the SU(2) x SU(2) sector of CP^. These 
corrections correspond to finite-size corrections to the anomalous dimension of the dual 
gauge theory operators and are quantum corrections since they are computed by means of 
quantum mechanics perturbation theory. 1/J corrections to the anomalous dimension of 
gauge theory operators correspond to the near-plane wave corrections to the spectrum of 
string states up to order l/R"^ = l/(47r jV2A'), where R is the CP^ radius and A' = A/J^ 
is kept fixed. 

Hence we are working with a perturbative, i.e. large R, analysis around a plane- 
wave configuration which is represented by a point-like type IIA string moving in the 
SU(2) X SU(2) subsector of CP^ and along the time direction Mj on AdS4 [15, 16, 40]. The 
specific plane- wave background ^, which is our starting point, has been worked out in [16] 
and discussed extensively in [18, 39], thus here we will report it only in the appendix B. 

2.1 The procedure 

The complete Lagrangian for the type IIA Green-Schwarz (GS) string in AdS4 x CP'^ has 
been derived in [58, 59] using a superspace construction. For convenience we report the 
plane- wave Lagrangian in appendix C, while the complete interacting Lagrangian up to 
four-field terms can be found in [39]. Let us here only briefly summarize the procedure we 
used to derive the near-plane- wave corrections. 

• The starting point is a plane-wave string configuration obtained taking a Penrose 
limit of AdS4 x CP^ as illustrated in appendix B. 

• The light-cone gauge must be fixed in order to remove the unphysical bosonic degrees 
of freedom, namely 

, , dC dC ^ ^ . 

t[T ,a) = CT , -— = constant , -— = (z.lj 
oil ov' 

where v plays the role of the light-cone coordinate and^ c = M = — ^ = — ^^r- 

7rv2A 7rv2A 

• The fermions for the type IIA superstring are real Majorana-Weyl spinors with 32 
components: 9 = 6*^+0^ with Tn^^ = 6^ andrii6'^ = -O"^. However, since the AdS4 x 
CP^ background preserves only 24 supercharges out of the initial 32 [60], in order to 
work with the fermionic d. o. f. corresponding to the unbroken super symmetries, 
namely the 24 physical fermionic d.o.f., the appropriate K-symmetry gauge must be 



■^An extensive study of all possible pp-wave backgrounds which can be obtained as a Penrose limit on 
the AdSs x and AdS4 x CP^ backgrounds has been performed in [41]. 

2ir da 



^The constant c is computed by imposing f^Pf = 
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fixed. This was extensively analyzed in Ref. [39] and here we adopt the same gauge 
choice, cf. (C.5) and subsequent discussion. 



• The world-sheet metric can be fixed to a Minkowski metric only to leading order 
and -^-corrections to the world-sheet metric are allowed, since in general the world- 
sheet conformal gauge does not commute with the equations of motion for v. The 
world-sheet metric should then be derived as a series expansion in powers of 1/R. 

• The Virasoro constraints can be used to solve for v and v' order by order in These 
should also be used to compute the corrections to the world-sheet metric. 

• The gauge fixed Lagrangian, Cgi = £. — ^v, is obtained using the solutions for v and 
v' and has the following expansion in powers oi 1/R 

Cgi = C2,B + C2,F + ^i^3,B + Cs^bf) + + U,BF + + 0{R-^) (2.2) 

where we have separated purely bosonic B, purely fermionic F and mixed terms BF. 

After the light-cone gauge fixing (2.1), we are left with the 8 transverse coordinates 

ui,U2,U3,U4,xi,yi,X2, y2 (2.3) 

where the first three are the transverse directions of AdS4, while the last five are the 
transverse directions of CP^, cf. appendix B. 

^Prom the expression (2.2) follows an analogous expansion for the light cone Hamilto- 

nian 

Hgi = H2,B + H2,F + ^{H3,B + Hs^Bf) + ;^(^4,B + ^4,BF + ^4,f) + 0{R-'') (2.4) 

2.2 Mode expansions and plane-w^ave spectrum 

The solutions to the classical e.o.m. for the bosonic fields can be written as, cf. appendix 
C, 

Zair, a) = 2V2e''^ V L^e-^^^^"""'^") - (a'^)J,e^("'""-"")l (2.5) 



n,{r, a) = i-L ^ [aj,e-^'(^"--"'^) - (at,)te^(^"-"'^)] (2.6) 

where we defined ^^(r, cr) = Xa{T,a) + iya{T,a). The eight physical bosonic degrees of 
freedom are split into two families: the "light" bosons, whose dispersion relation is given 

by Un = \J ^ + n"^ and which corresponds to the fields {xi ,yi ,X2 , ^2) and the "heavy" 
bosons, corresponding to (ui , ti2 , ^3 , ^4), whose dispersion relation is given by 0„ = 
\/c?~+~r;?.4 'pj^g canonical commutation relations are [xa{T, a) ,IIx^{t, a')] = i6abS{o' — cr'), 
[Uair, a),Ily^{T, a')] = i6abS{cr - a') and [ui{T, cr),Ilu^ (r, a')] = i5ij5{a - a') and they follow 
from 

[Om) (On)'^] = SmnKb , [a^^ (^n)^] = ^mnKb , [o^, (ai)''] = Smn^ij (2.7) 



^These modes are "heavy" since their world-sheet mass is twice that of the "hght" modes. 
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For the fermions, the mode expansions which follow from the e.o.m. derived from the 
plane-wave Lagrangian are 

\/2a' 



y/ p 

_ \^ f +J -i{u)„T-n(r) _ r-A i{ui„ 



T—na) 



(2.8) 



(2.9) 



where the fermionic fields 'ip± are defined in (C.18) and the functions and are given 

by 

^ A,L. -1-77 -I- * /m„ — n . A/0„-l-r7-l-A/0„ — n 

(2.10) 



, _ ^/Un + n± y/Un - n ^ _ ^/Un + n ± y/^ln - U 



2 V 

We see that also the fermions split into four "light" (the d's) and four "heavy" (the 6's) 
d.o.f. subject to the conditions 



and obey the anti-commutation relations 



{dm,a: d^^j^} — ^mn ( 2 



{bm,ai b 0} — ^mn ( „ P- 



(2.11) 



(2.12) 



0/3 \ ^ / a/3 

For our conventions on F matrices see AppendixE. ^From this one obtains {il^a{T, cr),ilj'^{T, a')} 
^^^(iipJ-(7^_ -|- 2V+))ai3S{(7 — a'), which in terms of the fermionic momenta (D.8) can be 
written as 



{Mr,cT),p^iT,a')} = -2W (ttlll(^p^+r+)) 5{a-a') 



(2.13) 



The GS string cr-model we are considering has first and second class constraints which 
require a Dirac procedure in order to be properly treated. However one of the main 
achievements of [39] was to perform a fermionic field redefinition which allows one to use 
the standard canonical anticommutation relations (2.13) up to the order considered here. 



Plugging the mode expansion of the fermionic and bosonic fields in (D.l) and (D.7) 
one obtains the mode expansion for the pp-wave bosonic and fermionic Hamiltonians 

4 2 2 



2,B 



2,F 



E 



n 
4 



i=l 



a=l 



a=l 



(2.14) 



(2.15) 



The bosonic number operators are = (a^)^a^, with i = 1,...,4, = (a°)na° and 
= (a°)na^ with a = 1, 2, while for the fermions we have pj/^ = dn^adn,a for / = 1, . . . , 4, 
and pj/"^ = bn^abn,a for / = 5, . . . , 8. Finally, the level-matching condition is 



n 



4 2 8 

5]iV; + ^(M„" + iV„") + ^Fy) 

/=i 



i=l 



a=l 



(2.16) 



-9- 



3 The near plane- wave spectrum in the SU(2) x SU(2) sector 



In this section we compute corrections to the energy of certain states in the SU(2) x SU(2) 
sector of type IIA string theory on AdS4 x CP^ in a near pp-wave expansion. To illustrate 
the computation we consider a two oscillator state of the form 

\s) = {ai)HaiJ\0) (3.1) 

This is a state in which both oscillators are in the same SU(2) sector. Then we will 
generalize the result to the case in which the two oscillators are in different SU(2)'s and to 
the case in which we have a state with a generic number of oscillators. Moreover, in Sec. 6 
we will consider the correction to the energy of states outside the SU(2) x SU(2) sector. 

Note that the state (3.1) has a degenerate spectrum, at the pp-wave level, with the 
state 

\t) = ^ {{a'JialJ + {aij (a'j) \0) (3.2) 

where there is an oscillator in each of the two SU(2)'s. However, the two states are not 
mixed when perturbations to the pp-wave Hamiltonian are included [18], therefore, one 
can use perturbation theory for non-degenerate states. 

At first order in perturbation theory the cubic Hamiltonian given in Eqs. (D.2) and 
(D.IO) does not contribute to the corrections to the energy of the state \s) since its mean 
value on this state vanishes. So the first non-trivial correction to the energy sets in at order 

At this order, there are two contributions, one coming from the second perturbative 
order generated by the cubic Hamiltonian (D.2) and (D.IO) and one that arises from the 
first perturbative order by taking the mean value of the quartic Hamiltonian (D.3), (D.9) 
and (D.ll) on the state \s). We can thus write 

^f'-l^fEf?^ + (»l^^l»>) (3.3) 

where \i) is an intermediate state with zeroth order energy E^'j ■ 
3.1 The term 

Let us consider the first term in Eq. (3.3). It is easy to see that the total contribution can 
be divided into two separate contributions, namely we can write 

2^ p(o) p{o) p{o) p(o) ^ p(o) p(o) ^'^■^1 

where -ffs^B and H^^bf are given in (D.2) and (D.IO) respectively. 

The relevant part of the cubic Hamiltonian contributing to the first term in (3.4), 
written in terms of oscillators, is given by [18, 39] 



i r (^(m + / + r)(aijt 



C\/2 I V^m^^l^r 



C 



^"^ ~ 2/ V ' ~ 2 ' 
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+ 



C 

+ 2 



ml 



(3.5) 



This Hamiltonian produces divergent results at second order in perturbation theory [18] 
therefore it is natural to handle the sums over mode numbers by introducing cutoffs, and 
removing the cutoffs only at the end of the calculations. After all, this is the way infinite 
sums are defined. It is then important to notice, that the form of the cubic interacting 
Hamiltonian (3.5) uniquely fixes the possible choices of the cutoffs on the sums on mode 
numbers. Under the quite natural assumption that all the light modes have the same cutoff 
A'^ for the level numbers, and that all the heavy modes have the same cutoff M for the 
level numbers the form of the interaction naturally suggests M = 2N. As can be seen from 
(2.14), is the oscillator of a heavy mode whereas a and a are oscillators of light modes. 
Consequently, the Hamiltonian (3.5) contains one heavy oscillator and two light oscillators, 
therefore if the sums over m and / have cutoff N, the sum over r has cutoff 2N. 

The same argument holds also in the case of the mixed bosonic and fermionic cubic 
Hamiltonian entering in the computation of the second term in (3.4). Thus we see that the 
string theory interacting Hamiltonian naturally selects the regularization prescription in 
agreement with the prediction coming from the algebraic curve approach [47, 48]. In [46] a 
similar prescription was proposed in order to obtain a result consistent with the algebraic 
curve approach. The motivation behind this prescription is essentially that heavy excita- 
tions are not fundamental but rather bound states of two light fundamental modes [21]. 
Here we see that this arises from the form of the interacting Hamiltonian, leading to a pre- 
scription for summing over the world-sheet frequencies which distinguishes between heavy 
and light modes. 

The intermediate states that one has to consider in the computation of the first term in 



(3.4) are of the form ^ = (a 
We find 



4 )t 
p-q) 



i)t|0) and lis) 



-p-q- 



s)^ i^p 



i^t(ai)t|o). 



E 



\{h\H3^B\s)\' 
(0) 



lUr, 



(0) 



n 



(3.6) 



E 



{'i2\HzR\s) 



E\ 



(0) 



\t2)j^\s) ^\s) 



E, 



(0) 
\i2) 



(3.7) 



where we divided by the appropriate numeric factors in order to avoid overcounting and 
where we have separated the finite contributions from the following logarithmically diver- 
gent sums 



- r. 



N 



2c 



-N 



LOqiOn^q+n {'^n — ^q — ^q+n) 



+ {n 'H- -n) 



(3.8) 



We thank K. Zarembo for discussions on this point. 
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1 ^ 

2c ^ 

Q=-N 



+ (n O 



-n 



(3.9) 



After the contractions among the oscillators in the Hamiltonian and in the intermediate 
and external states are performed, we are left only with a cutoff since, at the end of the 
calculation, we are left with only the sum over a light mode. As we will see, similar divergent 
sums are also generated by the second term in Eq. (3.4). However, these divergences can 
not cancel among each other since second order corrections in perturbation theory are 
always negative. We will show that including the appropriate normal ordering prescription 
in the computation of {s\Hi\s) will produce a finite result for the energy. 
Combining (3.6) and (3.7) we obtain 



E 



Kn|^3,B|s)r 



(0) 



S1+S2 



(0) 



+ E 



{i2\H3n\s) 



E, 



(0) 



E, 



(0) 
\i2) 



[UJn 



n 



[UJ, 



n 2) 



n 



(3.10) 



Let us now consider the second term in Eq. (3.4). In terms of oscillators H-^^bf can be 
written as follows 



1 



3,BF 



E 



5{m + p + s)m a)_. 



8V2Rc I ^ ^OJm 
* m,p,s ^ 



2 {g^fi + gtft) ((^rg - 2T^) (Eg + iv^)) 



7,5 



+ {gpfs - gtft) ((-^ro + 3iEi2340 + 2E4) (E5 + iEe))^^^ 

m,p,s 



+ E 



2 {gpft + gtfs ) m9 - 2E4) (E5 + iEe)) 



+ [gpft - g^fs) ((-^rg + 3iEi2349 + 2E4) (E5 + iEg)) 



7,(5 



7,(5 



bp^ds^s + (c.c.) + . . . 



(3.11) 



where and are defined in (2.10) and the dots stand for terms that are irrelevant in the 
calculation of the energy of the state The sums over the modes m and s corresponding 
to oscillators a and d have cutoff A^, these are in fact light modes as can be seen from (2.14) 
and (2.15). Consequently, the sum over the heavy mode p, corresponding to the oscillator 
h in (2.14) and (2.15), has cutoff 2A^, it is a heavy mode. 

The intermediate states that we should consider in this case are = {a].)^ d)q,ab^_^_q 



and = (4)t(ai)t(ai)t4,„5L,, 



't—r—q, 



j|0). We find 



E 



\{s\H3^BF\k) 



E, 



(0) 

\s) 



E, 



(0) 



+ E 



\{s\H3^BF\i2) 



E\ 



(0) 



E, 



(0) 



^3 + ^4 



(3.12) 
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where 



N 

E 

q=-N 



18 ( tJn - - j [2ujgQg^n + 2cUJq 



cQq+n - C^] + 2n^ [lOujqQq+n - 8q {u + q) + 5c^ - 6cu}q - 3c$7„+g 



+24n ( ujn - - j [-2 (n + q)u!q + q^q+n + 2cq + cn] + (n •(-)• -n) 



(3.13) 



and 



CN2 

18 ( — - j [2a;qr2q+„ 



AT 

84= - 

[32 CWnWgOg+n (tJ„ + + 

— 2cti;q + cr2q+„, — c^] + 2?!^ [lO(x!qOq+„ — 8g (n + g) + 5c^ + Gcwg + 3cr2„,_|„g] 
+24n - [2 (n + g) - griq+n + 2cg + cn] > + (n o 



(3.14) 



Adding together the results (3.10) and (3.12) we find 



E 



- ^^"1^ + 



n 



n 



4ca;4 



(3.15) 



The sums 5^ are logarithmically divergent. We will show that these divergences are canceled 
when including the contribution of the contact term in Eq. (3.3) thus giving a finite result 
for the energy. 

3.2 The term {s\H4\s) 

Now we want to compute (s|i?4|s), where i?4 = b + -f^4,F + H^^bf- The various ex- 
pressions in terms of fields for these Hamiltonians were computed in [39] and we have 
reproduced them in App. D, Eqs. (D.3), (D.9) and (D.ll) respectively. As we saw in the 
previous section, for the first term in Eq. (3.3) we get a divergent result, therefore to obtain 
a finite result for the energy, this divergence must be canceled by the second term ^ . In 
order for this cancelation to happen the quartic Hamiltonian cannot be normal ordered 
as it is for type IIB superstring on AdSs x [6], otherwise its mean value would just 
be finite. We shall thus introduce for it an appr! opriate and consistent normal ordering 
prescription. Choosing the most natural normal ordering prescription, we will show that 
all the divergences cancel leaving a finite result for the energy. We will discuss in Section 5 
more generally the question of how to properly normal order a quantity when promoting 
oscillators to quantum operators. We will see that requiring that the pp-wave algebra is 
not affected by normal ordering constants and that the spectrum of string states is finite, 
will fix uniquely the normal ordering prescription. 



®A similar cancelation of divergences between a cubic term and a quartic "contact" term was already 
shown to happen in [61-63]. 
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In deriving the normal ordering prescription, we will also assume that the vacuum is a 
protected state. This automatically implies that the term H^^p does not contribute to the 
energy of the state |s), since if it would, it would also change the vacuum energy. Thus we 
can write 



{s\H4^\s) = {s\H4^b\s) + (s|i^4,BF|s) 



(3.16) 



and we will consider the two terms separately. Here, for simplicity, we will not report the 
explicit expressions for H^^b and H^^bf in terms of oscillators. They can be derived from 
the Eqs. (D.3) and (D.ll) in App. D, but are too complicated to display here. 

Using the totally symmetric prescription, namely choosing that the normal ordering 
constants for the two oscillator terms are equal to 1/2 and those for the normal ordering 
of terms with 4 oscillators of the same kind are equal to 1 /6 (see Section 5 for details) , for 
the first term in (3.16) we get 



{s\Hi^B\s] 



2[{ujn- c) (4n2 - c2 



sym 



C^UJn 



+ 55+56 



(3.17) 



where the first term is the contribution of the normal ordered terms, which was already 
computed in [18], and the rest of the terms are obtained employing the normal ordering 
prescription described in Section 5. We get that ^5 and Sq are the regularized quadratically 
divergent sums 



N 

E 



1 



2' +^'(^" 2' 



and 



2N 

E 

=-2N 



n + \u}^ 



2 



(3.18) 
(3.19) 



The cutoffs have been chosen according to the natural requirement, imposed by the form 
of the cubic Hamiltonian, that the cutoff on heavy modes is twice that on light modes. 

Using the symmetric prescription for the normal ordering, the computation of the 
second term in Eq. (3.16) gives 



{s\H4^bf\s) 



sym 



Sv + 58 



(3.20) 



where 
57 



N 

E 

i=-N 



UJn 



32q'[n'+[ujn-- 



cn2 

9 ( - - 



(3.21) 



and 



2N 

E 

=-2N 



1 

2 (? LOn 



16g^ 



n + lu!. 



Cn2 

2 



CX2 

2 



(3.22) 
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Adding together the results (3.17) and (3.20) we obtain 

2 [{(jJn - C) (4n2 - c^) - c^Wn] 



{s\H4\s)s 



sym 



^5 + 56+57+58 



C^UJn 



(3.23) 



The result (3.23) is only logarithmically divergent, even if each sum Si i = 5, . . . , 8 is 
quadratically divergent. Quadratic and linear divergences cancel between the contributions 
coming from Hi^ b and Hi^ bf, only the logarithmic divergence remains, and has the same 



form but the opposite sign of the one coming from the 



\{i\H3\s)r 



term. 



3.3 String energy spectrum at order 

We can now compute the correction to the energy of the state \s) putting together 

the results (3.15) and (3.23). We obtain 



in" 



where we introduce the sum 5(n) defined as 



+ 5(n) 



(3.24) 



5(n) 



1 



2cR^ 



N 



E - 



2N 



-N 



q+n 



E 

q=-2N 



9cOJn 



q=~N 

(3.25) 

As anticipated, now we can see that the result is free of divergences. In the next section, 
we will discuss different possible ways of regularizing the sum 5, then use the one imposed 
by the cubic interaction Hamiltonian and derive the finite result arising from it. 
Doing the computation for the state \t) in an analogous way, we find 



5n 



(2) 



R'^c^ul 



5(n) 



(3.26) 



Again, the result is free of divergences. 



States with arbitrary number of SU{2) x SU{2) oscillators. We can repeat the 
computation also for a generic state with K oscillators in one SU (2) and K' in the other 
SU{2) 



\K,K') 



|0) , 



(3.27) 



obeying the level matching condition Yld=i + Yli^=i — 0' where all the iii and iiii are 
different. We find 



(2) 



K 



EE 



\K,K') 2i?2c ^ uJmUJn^ ^m-n^ (^n. 



1 



2i22c3 



EE 

1=1 jV't 



v2 2 

— nf 



- ^n, - 
\2 2 

) -n] 



+ ii ^ i' , j ^ j' , K ^ K') 



■ + [i -H- i' , j -H- f , K -H- K') 
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+ 



1 



K K 



K 



EE 



- -V 

i' 2) 



1=1 i'=i 
1 



7^ + + ;2 i^^i^n, + n,^„J 



i=l j^i 

C ^riiUj {iJn, - f ) {uJn, - i) 



+ 2 + 



■ 0J„ 



+ {i^ i' , j ^ f , K ^ K') 



K K' 



UJr, 



i=l i'=l 

A ^ ^' 1 

i=l i' = l "j' 



2,' 



K 



- ^) + ^ E + o ^' , A- o K') 



i=l 



Note that the contribution coming from the sum S{n) is diagonal in each of the rii and n,/, 
thus showing that this term should be considered as arising from a finite size correction to 
the dispersion relation of the single magnon and not from the interaction among them. In 
the next Section we will give an interpretation for it. 



States with one SU(2) oscillator. In order to provide further insight whether the 
sum S{n) should be ascribed as a finite size correction to the single magnon dispersion 
relation, we inquire what happens if one considers a single oscillator state in one SU(2), 
i.e. \s.o.) = an|0). In doing this we must relax the level matching condition, which would 
force the mode number n to be vanishing. 



When computing ^ 



{i\H'j, b\s-o.) , . , . . . • 1 • 

the intermediate states giving a non vanishing 



\i)^\s.o.) ^(0) _^ 

- o.) \i) 



contribution are = (ap)"^(ag)"'"|0) and |z2) = {a^)'^ [a]^)'^ [a].)'^ {a].)'^\Q) . In order to follow 
a consistent procedure, the level matching condition must be relaxed on the intermediate 
states as well as on the external state \s.o.). 
One computes 



E 



|il>^|s.o> ^\s.O.) 



{h\H^^B\s.o.)[ 



(0) 



1 

2^ 



N 

E 



[{ug - f ) (w„ - §) -qn]' 



(3.29) 



E \{i2\H-i^B\s.o.)\^ ^ ^ 
{r\\ ln\ '-'2 



(0) 



Ef^ 



N 

E 



[K + i) K-f) -gn]- 



(3.30) 



|n>^|..o.) ^\s.o.) ^\i2) 
Turning then to '}2\i)^\so) ^^^^To)'^^^'^'(o)^ ' intermediate states that we should 

\s.o.) \i) 

sider in this case are \ii ) = dij)\p\Q) and \i2) = (4)t(ai)t4,^6t^^|0). 



con- 



One computes 



E 

\h)^\s.o.) 



{h\H2.,BF\s.O^^ 



E\ 



(0) 
\s.o.) 



E, 



(0) 



S3 , 



(3.31) 
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with 



1 



N 

E 

q=~N 



32 CLOnUJq^q-n (Wn — — ^q-n) 



q—n 



18 ( W„ - - ] [2u}qnq^n + 2ctJg 



-n + g) + 5c — Gccjg — 3cQq-n\ 



-24n 



[-2 (-n + q)u}q + q^lq-n + 2cq 



cm 



and 



with 



E 



(^2|-ff3,BF|s.O.) 



p{0) 

\i2)^\s.o.) ^\s.o.) 



(0) 
|i2) 



TV 

E 



2i2 CLdn^q^q+n {^n +'^13 + ^q+r, 



q=-N 

+ Ci}q+n - C^] + 2n^ [lOujqil.q+n 



S4 , 



(3.32) 
(3.33) 



q^^q+n 2cL0q 



•{n + q) + 5c^ + Qcojq + 3c$7g+^ 



+24n ( a;.„ - - ) [2 (n + g) - qVtq+n + 2cg + cn] 



(3.34) 



Using the symmetric prescription for the normal ordering of the quartic Hamiltonian, 
it is straightforward to derive 



{s.o\Hi\s.O.)sym = ^(55+56+^7+ Sf^) 



and therefore 



Efl = 5i + 52 + 53 + 54 + ^ (55 + 56 + 57 + 58) = ^5(n) . 



(3.35) 



(3.36) 



This result provides additional evidence of the fact that the sum 5(n), which we shall 
discuss in detail and evaluate in the next section, appears in the spectrum as a finite size 
correction to the dispersion relation of the single magnon. 



4 Regularization prescription 

In this Section we examine the question of how to regularize the divergent sums appearing in 
all the results of the previous section. In fact, there is an ongoing discussion in the literature 
about this issue [42-46, 64] and hopefully our analysis will contribute in understanding it 
better. To illustrate our prescription we focus on how to compute the sum (3.25). 

There are essentially two different prescriptions for how to sum over of the mode 
numbers. In the following we present both prescriptions and propose a solution for the 
discrepancies on the results, which leads to the final expressions (1.3) and (1.4) that we 
gave in the Introduction. 

As we have seen, the form of the cubic interacting Hamiltonian H^,-, see Eqs. (3.5) and 
(3.11), naturally implies that if we choose a cutoff N when summing over the light modes. 
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this automatically gives that the heavy modes should have a cutoff equal to 2N leading to 
Eq. (3.25). This can be rearranged as 



Sin) 



1 



2cR'^UJn 



8n^ 



2N ^ ^1 

,q=-2N q=-N 



2N 



N 



E -- E — 

.q=^2N ^9 q=-N 



(4.1) 



In order to safely remove the cutoff we should manipulate (4.1) so that all the sums have 
the same cutoff. We thus get 



1 ^ 

?2~r E 



2cR^UJn 



p=-N 



8n^ 



1 



^2p+l ^2p 



-pr— + -c - 9cu)n + 8n' 



1 1 
— + 



^2p+l ^2p ^p+n 

(4.2) 

Since we know that S(n) is actually convergent, we can now send — >• oo to remove the 
cutoff. All the sums in (4.2) can be computed by standard C-function techniques. To give 
them a precise (regularized) definition one introduces the function 



G(«)= E 



[{p + a)2 + b'^Y 



(4.3) 



and considers its analytic continuation for complex s. Then for Re(s) > 1/2 one can write 

r(. - 1/2) 



G{s) 



Fis) 



52. 



^+4^s-^Y^^2.ipa 
p=l 



Ki_^{2bpn) 



(4.4) 



where Ky{x) is the modified Bessel function defined, for Re(2;) > 0, by its integral repre- 
sentation 

' ■'';„-e-il"+'/") (4.5) 



V 

Taking the limit s — )• 1/2, which is what interests us, we obtain 

G{s) ~ + 2 log(2) - 2 log(6) + 4 ^ e'^^'P''Ko{2bpTr) + O (s - (4.6) 

The pole does not depend on b, therefore, as expected, it cancels in S{n). The remaining 
finite result is 



Sin) 



8n 



2 °° 



Y^[{-l)P-l]Ko{7rcp) 



(4.7) 



p=i 



In the limit for large c it is exponentially suppressed 



S{n) 



2^/2n^ 



.3/2 



vrc 



,5/2 
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ll 1 p ^/2A 



J 




( %/2J 
+ 06 



(4.8) 



where we have expressed it also in terms of gauge theory quantities. This is the non analytic, 
exponentially suppressed, part of the finite size correction that could not be computed in 
[18]. It appears in all the string states we have considered and can be ascribed to a 
finite size correction of the dispersion relation (1.5) arising, in the dual gauge theory, from 
wrapping interactions (see the recent review on the subject [51] and reference therein). For 
the expansion of S(n) for small c (large A') see Appendix F. 

The result (4.7) gives for the coefficient a\ in the strong coupling expansion of the 
interpolating function h(X) a\ = 0, see (1.8). Note that this result is also in agreement with 
the conjectured exact form of h{X) proposed in Ref. [48] from a weak coupling calculation. 

The prescription that we consider here is in agreement with the one used in [45, 46] 
where it was first pointed out that a suitable prescription for summing over the world-sheet 
frequencies should distinguish between heavy and light modes. In particular, the authors 
of [45] proposed a regularization in order to restore agreement among the results obtained 
in the context of the string world-sheet one-loop analysis [19, 42-44] and those obtained 
using the all-loop Bethe ansatz. In [45] the authors proposed a regularization of the sums 
such that the heavy excitations with mode number q should be treated on equal footing as 
light excitations of mode number q/2. In [46] a similar prescription was proposed in order 
to obtain finite one loop corrections to the energy of circular strings and basically to have 
consistency between the algebraic curve and supersymmetry. The motivation behind this 
prescription is essentially that the heavy excitations are not fundamental but rather bound 
states of two light fundamental modes [21]. This leads to the choice of a different cutoff 
for the two kinds of excitations. Here we show that the interaction Hamiltonian forces the 
cutoff on heavy modes to be twice that on light modes. 

There is however another proposal for how to regularize the sum (3.25) which was 
used in [19, 42-44] in the context of the semiclassical world-sheet computation of the 
folded and spinning string in AdS4 x CP^, see also [65]. This prescription was also adopted 
in the AdS5/CFT4 case and it does not distinguish between the world-sheet heavy and 
light excitations. This implies that in Eq. (3.25) we simply remove the cutoff by sending 
— )■ oo to get 

, 4n2 ^ / 1 1 \ 

Using (4.4) in the s — )• 1/2 limit, yields 

Q„2 / oo \ 

^^""^ = -^BKTr. ( ^ " " (^-^^^ 

This would give ai = — but, as we have shown, the cutoffs being different, it is more 
natural to first write all the sums in terms of a single cutoff and then remove it. Note that 
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the second term in (4.10) is independent on the regularization, in (4.7) it appears the same 
term. 

5 Normal ordering prescription 

The Hamiltonian used to compute the energy of string states has been derived as a classical 
object. In order to quantize it we need to replace each field in terms of its mode expansion, 
namely in terms of annihilation and creation operators. In general in going from classical 
to quantum expressions there is an ambiguity in the order of writing the operators. The 
standard procedure, which is also the one used in this Paper, is to completely symmetrize 
(or antisymmetrize in the case of fermionic fields) the fields and rewrite them as quantum 
operators. This corresponds to a precise choice of the normal ordering prescription. Here 
we will show that this prescription appears as a natural consequence of the requirements 
that the energy of string states has to be finite and that the pp-wave algebra has to be 
satisfied. 

The normal-ordering ambiguity is introduced through appropriate normal-ordering 
constants Generically we write for two oscillators 

(a^m ap)c = {cLp a^m)c — > « ap + (1 - a) Op a^m 

{b^^bp)c = -{bpb^mh ^ Pblbp + - l)bpb^m (5.1) 

where the subscript C refers to the classical object, a, are bosonic annihilation and 
creation operators and b, b^ are the corresponding fermionic quantities, a , /3 are normal 
ordering constants which encode the ambiguity in rearranging the oscillators when one 
derives operators from classical expressions. 

In computing corrections to the energy of string states up to the order we also 
need to specify the normal ordering prescription of terms cubic and quartic in the number 
of oscillators. The question of normal ordering for the cubic Hamiltonian, Eqs. (3.5) and 
(3.11), it is analogous to the one for the quadratic Hamiltonian, Eqs. (2.14) and (2.15), 
since one of the oscillators in the cubic Hamiltonians is always different from the other two. 
However, to complete our analysis, we should also consider the normal ordering of terms 
which are quartic in the number of oscillators. This can be considered as a generalization 
of the two-oscillator case (5.1) and the solution will follow similarly: for each family of 
oscillators the quantum operator can be written as a linear combination of all the possible 
ways of ordering the annihilation and creation operators, with the constraint that the sum 
of the normal ordering constants must be equal to 1 

{a^_^a^_paqar)c — > "i a^rrt«-p«g"r- + "2 aL.^aqaipar + 03 a^_^aqaraip 

+ 04 aqa^_j^ara^_^p + 05 aq(^_^a}_par + a% aqara^_^a^_p (5.2) 

where ^Y3l=\ o^* = 1- Note that there is a set of six constants for each type of oscillator. 

^Note that in principle one can introduce normal ordering "functions", but in this Paper, without loss 
of generality, we only consider the case of normal ordering constants. 
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We also make the assumption that famihes of oscillators having degenerate plane-wave 
energy have the same normal ordering constant ®. Concretely this means that the set of 
oscillators labeled by and have the same normal ordering constant a, as well as the 
set of oscillators and that have the same normal ordering constant a. The same is 
true for the four heavy bosons a*, with i = 1, . . . , 4 with the corresponding normal ordering 
constant and for the four light fermions dj, i = 1, . . . , 4, with normal ordering constant 
ad- Finally, since the four heavy fermions split in two degenerate families, labeled by the 
eigenvalues ±1 of the matrix iT^q, cf. section C, they have two different normal ordering 
constants a^i and ai,2, respectively. 

Summarizing, we have 6 normal ordering constants for terms involving two-oscillators 

a, a, au, ad, abi, ab2 (5.3) 

and from the terms with four oscillators (5.2) we have 5 independent normal-ordering 
constants for each type of oscillator. ^From the study of the pp-wave algebra we will 
obtain constraints on the normal ordering constants. 

5.1 Normal ordering and plane- wave algebra 

The bosonic generators of the pp-wave algebra are 

Lij , i j = 1,2,3, L^Q, Lrs, H2 (5.4) 

where Ljj = —Lji are the rotation generators in the transverse directions of AdS4. Despite 
the fact that the bosonic quadratic Lagrangian (C.13) is invariant with respect to rotation 
involving also the coordinate M4, namely under the rotation 5ui = eijUj with i = 1, . . . ,4, 
this is not true for the fermionic plane-wave Lagrangian (C.20). Indeed, such a transforma- 
tion involves the combination which does not leave the fermionic Lagrangian invariant. 

L56 and L78 are the generators of the rotations in the transverse directions in CP^. 
The Lagrangian is not invariant under a rotation involving an arbitrary couple of transverse 
directions in CP^, say for example under L57, since the Penrose limit we are taking selects 
two flat directions the 5 and the 7. Finally H2 is the plane-wave Hamiltonian. 

Obviously, the full plane-wave supersymmetry algebra includes also the transverse 
translation currents and the plane- wave supercharges (fermionic generators). However, 
since we want to investigate the effect of the normal ordering on these generators, we need 
only to consider generators which are quadratic in the number of fields. The translation 
currents, apart from H2, are linear in the fields and of course do not suffer from ordering 
ambiguities. The supercharges are instead fermionic operators made of a product of a 
fermionic and a bosonic oscillator and consequently they do not have any ordering problem 
at the plane-wave level. Hence, for our discussion we explicitly construct the subsector of 
the full plane-wave symmetry which is needed for the purpose of understanding normal 
ordering issues, following [4], where the plane- wave algebra for the AdSs x superstring 
was worked out. 

*Note that this is also true in flat space. 
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Angular momenta 

Let us consider an infinitesimal rotation in one SU(2) subsector of CP^, for example 

5xi = eyi , 5yi = -exi , 59 = eT^^e (5.5) 

where e is an infinitesimal parameter. After imposing the light-cone gauge condition (2.1), 
under such a rotation the plane-wave Lagrangian (see Appendix C) transforms as 

^i^2 = ^{yiyi-xixi) = ^-^[yl-xf) (5.6) 

i.e. the variation of the Lagrangian is a total derivative. Let us now consider the generator 
of rotations in the 5 6 plane, relative to the directions x^ and y^. This corresponds to L56 
given by 

-^56 = y ^ yPxWl - PylXl - —9T+5Q9j (5.7) 

We see that the commutator of L^q with the plane-wave Hamiltonian is a total derivative. 
This implies that the conserved quantity is given by L^q = L^q — [yf — xfj which in fact 
commutes with the Hamiltonian. 

In order to write down explicitly the conserved charges, we have to consider the eigen- 
states of Fse which are labelled as follows 

di,2 = idi^2 , Tse (i3,4 = -ids^A bi,2 = ih,2 , Lse 63,4 = -ih^ (5.8) 

Using this notation, one can write the angular momentum L56 in terms of the oscillators 

- 4,m^l,m - 4,m^2,m + 4,m^3,m + 4,m^4,m) + ^ (CK - « - 2abl - 2afe2) (5.9) 

Similarly one computes the generator of rotations in the other SU(2) sector, Lyg. We obtain 

m 

+ d\,mdl,m + 4,m^2,m " 4,m^3,m " 4,m^4,m) + ^ (o - « - 2abl - 2ab2)(5.10) 

m 

Let us now consider infinitesimal rotations in the transverse directions of AdS4 and 
their effect on the fermionic coordinates, i.e. 

6ui = eijUj, 56 = eijVijO , i,j = 1,2,3 (5.11) 

with eij = —eji and i = 1,2,3. Such transformations are symmetries of the plane-wave 
Lagrangian, namely 5C2 = 0, where the subscript 2 refers to the number of fields. 
For the rotation (5.11) the corresponding angular momenta are 

Lij=j — (uiiij - iiiUj - —eT+ijej , z,j = 1,2,3 (5.12) 
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There are three independent generators associated to this rotational invariance: L12, Li^ 
and L23. They obey the standard commutation relations thus we can diagonalize only one 
of them simultaneously with L^q and Lyg. For example we can focus on L12 which is given 
by 

-^-12 = ^ j da (^uipu2 - U2Pui - ^-^9T+i26^ (5.13) 

We have 

m 

- di,mdl,m + 4,m^2,m + 4,m'^3,m " 4,m'^4,m) (5.14) 

Finally we should require that the expectation value of the plane- wave symmetry generators 
L56, L78 and L12 on the vacuum must vanish. This requirement leads to the following 
constraint on the normal ordering constants 

a — a — 2ahi — 2ab2 = (5.15) 

Normal ordering in the Hamiltonian 

Another interesting generator is the plane-wave gauge fixed Hamiltonian, which in terms 
of oscillators is given by 

2 4 

= E { E {^"^ - 1) + + 1)] + E ^n^- 

m£Z a=l i=l 

+ E ^mFM^ + E + 1) + E (^"^ - 1) 

/=1 /=5 f=7 

+ E 2"^™ - a - d) + c (a - d + Ofoi - ^52) + 2r2m (a^ + 052 - 2a„) j(5.16) 

m 

Imposing that the vacuum expectation value of the plane-wave Hamiltonian is not affected 
by the normal ordering constants gives the following constraints 

2ari — a — d = , a — d + a^i — 0^2 = , a^i + 0^2 — = (5-17) 

The cubic Hamiltonian does not impose further constraints, since the normal ordering 
constants cancel, once we impose the requirements that oscillators with the same pp-wave 
energy have the same normal ordering constants. 

5.2 Cancelation of divergences 

We now want to consider the constraints on the normal ordering constants coming from 
requiring that the energy corrections to the string states considered in Section 3 are free 
of divergences. Eqs.(3.17) and (3.20) can be recalculated keeping into account the general 
normal ordering prescription we are considering in this section to get 

; I „ I . 2 [{ujn - C) (4n2 - c2) - c'^Un] 
(S iJ4,B S) = 



CijJ. 



n 
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N 



(1-d) 



2q'^n^ - 2 ( cjg + - 



g=-Ar 

^ (a2 + 2q;3 + 3a4 + 205 + 4a6) 



cn2 
27 V""" 2 
cn2 



4c" ( + 2 j ( - 7^ 



2 / C 

n + ( w„ - - 



fl-a) 



C\2 

27 V""" 2. 

2, 



UJr, 



2 , / C\2\ 2c^UJq{l-au) 
' 2J j 



+ (1-d) + 



2c^a;g (1 - a„) 



n + o;- 



2c^ f - |1 fw. 



(5.18) 



1 °° f / c 

^^'^^•^^'"^ = "2^ ^ in"^"-2 



+ lln^ 



{ttbi + ab2 -_2) _^ (ad - 1) 



(Ofci + Qb2 - 2) (1 - Od) 



16 



+ 



V? + (Wn - f)^ 



+ 



(5.19) 



Putting this results together with the contributions coming from the cubic Hamiltonian 
Eq.(3.15) and requiring cancelation of divergences we get the following constraints on the 
normal ordering constants 

1 



(02 + 203 + 80:4 + 2a5 + 4q;6) + 2 (afo^ + a\,^ + 2ad - 2au - a) 



an 



1 



4 

- (02 + 2a3 + 804 + 2a5 + Aa^) + Oa + d = 2 

^(a;2 + 203 + 804 + 2a5 + Aa^) + 2d - = 1 
5 

— (02 + 2a3 + 804 + 2a5 + Aa^) + 2 (oq + 18arf — Of,^ — a;,2 — 4d — IGa^) = —3 

^ (02 + 2a3 + 804 + 2a5 + Auq) + 2 {2ab, + 2a;,2 + 12a« - Oa - 80^ - 2d) = 1(5.20) 

Note that the normal ordering constants Oj, with i = 1, . . . , 6, for the term with 4 oscil- 
lators of the same kind always appear in the same combination. Solving simultaneously 
Eqs. (5.15), (5.17) and (5.20), we find that there is a unique solution given by 



On 



a2 + 2a3 + 804 + 2a5 + 4a, 



6 



(5.21) 



If we moreover require, for the normal ordering prescription of the terms with 4 oscillators 

1 
6 



of the same kind, that the a^'s are all equal, we get that they have to be = ^ for 



i = 1, . . . , 6. This is precisely the symmetric prescription that we used in Section 8. 
6 Finite size corrections for states outside the SU(2) x SU(2) subsector 



The SU(2) X SU(2) subsector has been our privileged testing ground. It naturally decouples 
in the plane-wave limit and furthermore the interacting Hamiltonian up to order is 
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diagonal, in the sense that the states \s) and \t) G SU(2) xSU(2), do not get mixed up at this 
order. This is a very special feature of the closed SU(2) x SU(2) subsector, indeed in general 
two-magnon states are degenerate and they are mixed by the perturbation Hamiltonian. 
Now we want to take some steps toward a more general description of the near-plane wave 
spectrum. We defer to a forthcoming paper [66] for a complete study of the near plane 
wave spectrum of type IIA string states in AdS4 x CP^. 

We want here to compute the energy up to order of two-impurity states which 

are still in CP^ but not in SU(2) x SU(2) and, most importantly, which are not degenerate. 
Such states are 



The spectrum is given by 

n(2) 



1 



(6.1) 



s,t 



E 



\{i\H3\~s,i)\^ 



(0) 



\i) ^|S>,|i> 



(0) 



+ {s,i\H^\s,i) 



(6.2) 



where | i) is an intermediate state with zeroth order energy E^^ . The computation proceeds 
exactly as in Section 3, so here we report only the results. 

Consider first the state |s). The intermediate states contributing to the first term 
in (6.2) are 



= {atp.q)^ {d}p)\a\)^\^) and \i2 
for Hq, b and 

1^3) = {al)U\J_^_^^p\Q) and \h) = {dl)Hdl)Hdl)UlJ_^_,_^_^JO) 
for H^ BF- Proceeding as in Section 3, we find for the energy 

^2) 2 



[at,.,.r-s)\dl)\d\)\dl)\aim (6.3) 



(6.4) 



E\ 



(2) 



+ S{n) , 



(6.5) 



where 



Sin) 



1 



+ 



9 




(6.6) 



Similarly one can compute the energy at order 1/R^ of the state \t). It reads 



E. 



(2) 



4ra^ [bJn + 
R'^c^ul 



+ S(n) 



(6.7) 
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where for the computation of the second term in Eq. (6.2), we used the same normal 
ordering prescription adopted in Section 3. We see that, as it should be, also for states 
outside the SU(2) x SU(2) sector the energy is free of divergences. Carefully removing the 
cutoff by first requiring that all the sums have the same cutoff we arrive at 



and therefore the spectrum of the states \s) and \t) receives, in addition to the first terms 
in Eqs. (6.5) (6.7), the same type of exponentially suppressed finite size corrections of the 
states in the SU(2) x SU(2) sector. 

7 Conclusions 

The results of this Paper show that the Hamiltonian of type IIA superstring on AdS4 x CP^ 
that we derived in [39] is perfectly consistent and provides finite results for the finite size 
corrections to the energies of string states, which can be explicitly computed. Moreover 
the form of the cubic Hamiltonian derived in [39] provides an argument for choosing the 
appropriate prescription to define the divergent sums appearing in the calculations. The 
results we obtain show that the strong- weak coupling interpolating function /i(A), entering 
the magnon dispersion relation, does not receive a one-loop correction, in agreement with 
the algebraic curve spectrum. Therefore the finite size corrections to the energy of strings 
states in the SU(2) x SU(2) are precisely those we computed in [18] plus an exponentially 
suppressed correction which we explicitly compute and which, from the gauge theory side, s! 
hould arise from wrapping interactions. The leading contributions that have an expansion 
in integer powers of A' = ^ were already shown to be in agreement with the corresponding 
terms coming from the solutions of the Bethe ansatz equations. It would be extremely 
interesting to derive also the exponential corrections from the Bethe equations, these should 
be generated by virtual particles circulating around a circle of finite radius and should be 
encoded by the so-called Liischer corrections. 

In [6] a complete analysis of the spectrum of two oscillator states was performed for 
type IIB superstring on AdSs x S^. It is clear that a similar study is now at hand also for 
type IIA superstring on AdS4 x CP^. Since Refs. [6] provided a milestone contribution to 
the understanding of integrability of the AdS5/CFT4 duality, the corresponding analysis 
for the AdS4/CFT3 duality would be of great interest [66]. 

In this Paper we have also started the study of the algebra of generators in the pp-wave 
limit. A complete study of the algebra of symmetry generators of this theory was beyond 
the scope of this Paper, but it could certainly be continued along the line of what was done 
in [67] for type IIB superstring on AdSs x S^. 
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A Geometrical Set-up 

The AdS4 x CP^ background has the metric 



ds^ = — {- cosh^ pdt^ + dp^ + sinh^ pd^lj + R^ds^ps (A.l) 



where the CP metric is 

dslps = de^ + ^^^dnl + + 4 cos^ e sm' e{d6 + ujY (A.2) 

with ^ ^ 

w = - sin Oidifi + - sin 62dip2 (A. 3) 

Here the curvature radius R is given by ^ 

i?^ = 327r2A/^ (A.4) 

Furthermore, the AdS4 x CP^ background has a constant dilaton with the string couphng 
given by 

9s = (^) (A.5) 
and it has a two-form and a four-form Ramond Ramond flux which are given by 
1 1 — Sin ip 1 ~|~ sm ip 

— F(2) = — COS ip dip A {d6 + -\ cosOidOi Adifi cos 92d92 A dip2 (A. 6) 

13 3 
-^-F(4) = g^AdSi = 8 coshpsinh^ pdt A dp A dVt2 (A. 7) 

For our purposes it is convenient to make the coordinate change 

V' = 20 - I (A.8) 

such that the CP^ metric (A.2) takes the form 

dslp, = idV' + i^^l^dOi + l±^dn'^^ + cos2 + ujf (A.9) 

The SU(2) X SU(2) sector corresponds to the two two-spheres in the CP^ metric (A.9), 
parameterized as 

d^l = del + cos^ Oid^l , dO.'^ = del + cos^ e2d^l (A. 10) 

On the string theory side, the SU(2) x SU(2) symmetry of the two two-spheres is a subgroup 
of the SU(4) symmetry of CP^. We can take the three independent Cartan generators for 
the SU(4) symmetry to be 

where 5*2 are the Cartan generators of the two two-spheres. 



^It is important to point out that the relation between the curvature radius R and the string tension, 
or the 't Hooft coupling, can receive quantum corrections due to the fact that the AdS4 x CP^ background 
is not maximally supersymmetric [19, 68]. Such corrections would however afTect the interactions only at 
higher orders. 
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B SU(2) X SU(2) Penrose limit of AdS4 x CP'^ 



Consider the AdS4 x CP^ metric given by (A.l) and (A. 9). We make the coordinate 
transformation 

(B.l) 



t' = t, x = s-^t 



This gives the following metric for AdS4 x CP'^ 



P 



— (ii'^(sin^ ip + sinh^ p) + — {dp'' + sinh^ pdO,2 
dil)"^ l-sinV' ,„2 , 1 + w 



P' 



+ P 



+ 



-dn^ + 



dQ2 + cos ^|){dt' + dx + u!){dx + ^) 



We have that 



Define the coordinates 



E = A- J = idt' , 2 J = -id^ 



P 

V = R^x , xi = Pifi , yi = POi , X2 = Pip2 , 2/2 = PO2 , U4, = —ip 



(B.2) 
(B.3) 

(B.4) 



We furthermore define ui, U2 and uj, by the relations 

?2 v-3 



P 



Written explicitly, the metric (B.2) in these coordinates becomes 



P' 



2^4 



ds^ = -dr ^sin2^ + 



u 



p 

I d2 2 
+ P COS — — 

P 



4 i? 
dt + —77 + — sm 



+ 



+ duA 



(B.5) 



yi dxi . y2 ^2:2 



+ sm 



ii P 



dv I ( . yidxi . 7/2 dx2 
— + - ( sm — — + sm — — — 

K K 

(B.6) 



i?2 ' 4 V R R 



a very convenient form to expand around i? — )• 00. 

The SU(2) X SU(2) Penrose limit i? — )• 00 of [16] gives now the pp-wave metric^" 

4 2 
ds^ = dvdt' + - ufdt'^) + - ^{dxj + dyf + 2dt'y,dxi) (B.7) 



i=l 



The light-cone coordinates in this metric are t' and v. The two- form and four- form Ramond- 
Ramond fluxes in the limit are 



F(2) = dt'du4 , F(4) = 3dt' duidu2dus 



(B. 



^See [69] for the analogous Penrose limit for the SU(2) sector of AdSs x 
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This is a pp-wave background with 24 supersymmetries first found in [70, 71]. See [15, 40] 
for other Penrose limits of the AdS4 x CP^ background giving the pp-wave background 
(B.7)-(B.8). 

We see from (B.3) that 

^ = -id. (B.9) 
Thus, the Penrose hmit on the gauge theory side is the following limit 

A,J^oo with A' = 4Tfixed, A - J fixed (B.IO) 
C Plane-wave Lagrangian 

The type IIA GS Lagrangian on AdS4 x CP^ was completely worked out in [58, 59], based 
on the supercoset construction of [72, 73]. 

£ = -\h^^iiabL\L''B - 2ze^^ C dsL{s)'X{9raru)aL{s)% (C.l) 
^ Jo 

The world-sheet metric is defined as sab with the world-sheet indices A,B = 0, 1. Then 
we define h^^ = y^l det s\s^^ such that deth = —1. We furthermore define the epsilon 
symbol e^^ such that e'^^ = eoi = 1- The generalized Maurer-Cartan forms are 

= Eisf^dAX^' + E{sr^dA9'' , L(s)^ = Eisr^dAX^' + E{s)$dAe^ (C.2) 

with < s < 1, a, 6 the target-space flat indices and a, f3 the spinorial index. 

In order to select the 24 supersymmetric fermionic d.o.f. corresponding to the unbroken 
supersymmetries, we introduce a projector P defined as [39] 

P = ^—^ (C.3) 
4 

with 

J = roi23ril(— — + Tyg) = r5678 — r49(r56 — Fts) (C4) 

Here we assume that 9 obeys P9 = 9. The K-symmetry condition that one has to fix for a 
string entirely moving on CP^ is [39] 

{V+ + V^)9 = 9, (C.5) 

where the projectors V± commute with P and are defined as 

^ _ + r5678 + r4956 ^ _ / - r5678 " Tog 

^ ^ , ^ ^ (C.6) 

and the relation among P and V± is 

P = r++V-+vL , I = v+ + v^ +v+ + v'_ (C.7) 

p/ _ I + r5678 I — r4956 j,/ _ I ~ r5678 I + Tpg 



^^Notice that r_ does not commute with P. This is why in this case, as opposed to a string moving on 
AdSs X it is not consistent to impose V-6 = in order to select all the supersymmetric fermions. 
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Furthermore, = L(s = 1)^ and = L(s = 1)^, and they are constructed from 
the supervielbeins 

Eisr = e« + W^^^^^^^Z?^ , Eisr = ('^^DOY (C.8) 

\ M J 

The covariant derivative is 

D9 = P{d - -^roiasFae" + ^^'''T,,)^ (C.9) 

The two-fermion matrix Ai"^ can be found in terms of the structure constants of the gen- 
erators of 05^(612,2) [39]. SchematicaUy we write 

Finally, the Virasoro constraints are 

Sab = -^hABh^^ScD , Sab = flabL^L^B (C-H) 

We are now briefly describing the pp-wave Lagrangian £2 that one obtains in the 
i? — 7- 00 limit. This is constructed from (C.l) considering only up to quadratic terms. For 
all the details omitted in the following about the superspace construction leading to the 
light-cone gauge fixed Lagrangian, we refer to [39]. Let us split up the Lagrangian in the 
bosonic and fermionic parts 

C2=C2,B+C2,F (C.12) 

and analyze these separately. 

The bosonic sector 

The quadratic bosonic Lagrangian is 

1 ^ 1 ^ 

J^2,B = 2 ~ ^'i' ~ + Ye ~ ^'<^^ + 2cyaia + vl - v'a) (C.13) 

i=l a=l 

The momentum conjugate fields are defined by 

n. = 1^ {C.14) 

We get = i^a + cya)/8, Uy^ = i/a/S and n„. = ttj. By Legendre transforming the 
Lagrangian, the quadratic bosonic Hamiltonian is obtained as 

a=l i=\ 

where for convenience we defined the fields 

Vxa = SUxa - , Pya = ^Uy^ , Pu, = H,,- (C.16) 

Notice that these fields are functions of the momenta and position variables. 
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The fermionic sector 

It is useful to parameterize the fermionic directions in terms of a 16 components complex 
spinor, namely 

t/; = ^1 + iro49^^ ^* =e^ - iro49^^ (C.17) 

The gauge choice for the complex fermions is simply equivalent to {Vj^ + V-)ip = ip. In 
the following we split up the spinor as 

^ = iP+ + ijj_ with V± = ^±V' (C.18) 

The quadratic fermionic Lagrangian is, using the notation of (D.5) 



(C.19) 



The physical degrees of freedom are singled out imposing light-cone gauge. We get the 
following Lagrangian 



2,F 



1 



(C.20) 



D The Hamiltonian 

In this Appendix we write down the explicit expressions for the terms in the expansion of 
the light-cone Hamiltonian (2.4) which have been computed in [39]. 



The purely bosonic Hamiltonian 

The bosonic plane-wave Hamiltonian is 



cn 



2,B 



\ 2 , 2 , / 2 , / 2 

^Pya+^'a +ya 



a=l 



+ 



^ 4 

i=l 



2,22 
+ C Ui 



The bosonic cubic and quartic Hamiltonians are 



with 



8c 

8 



2,2 2 2 /2 /2,/2,/2 

Pxi + Pyr - Px2 - Py2 - ^1 - 2/1 + ^2 +2/2 



n 



4,S 



iY.p^x' 



«\2 



i=l 



1 

3 



E(pi+ix'r)-c'Y.''^+c 



,2„,2 



.1=1 



1=1 



• 1 • 1 ■ c 

Pi=l..A = {Pui J Pu2 1 Pu3 , Pui) 5 Pi=5...8 = {Pxi , Pyi-, Px2j Py2) 



^li=l..A II I I I \ T^/i=5., 



"V^ / / / / I \ 
~~7~\^l^yi->^2^y2) 



(D.l) 



(D.2) 



(D.3) 



(D.4) 
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The purely fermionic Hamiltonian 

In order to deal with the fermions it is useful to introduce the following notation 



Aa,A = 0TadA9 
Babe = OTaThcO 
Cab = (^^aP^ 0123^ b(^ 

Eab = ~eTa{v+ + ]^V-)T''ne 



Aa.A = OVnVadAe 

Babe = 11^ aJ^bcQ 

Cab = ^riira-Proi23rfe^ 



(D.5) 



Babc;d = eTiiTabe{V+ + ]^V-)T''Tde 

Cab;e = OT aPT 0123^ b{V + + ]^V-)T''T,d 

Eab = eTiiTa{v+ + ]^V-)T^ne 



(D.6) 

where P is the projector defined in (C.3), V± are defined in (C.6) and a,b, . . . are the lOd 
tangent space indices. 

The plane-wave fermionic Hamiltonian is 

T-(-2,F = ^(cV+V'+-4p+pV + 2cV-V'--2p-p'_)-^V'+P+ + ^V'-P- + ^V'-r56P_ (D.7) 



where the conjugate momenta are 



6C2 

6i; 



ic 



(Di 



and p± = V±p, cf. appendix C. 

The quartic purely fermionic Hamiltonian is 



AO. i. 



^Yl [^^+^ ~ SiB+4i 
4=1 i=5 j=5 

where is defined in appendix C. 

The mixed bosonic-fermionic Hamiltonian 

The mixed cubic Hamiltonian is 



C++ + + -B+78) 

2 



(D. 



ic , 



IC . 



T-L3,BF = 2 ^iC+iPi + C+iX") - J (5+56 - B+7s)u4 - jS+-4'U4 

8 .8 (D-10) 

s^{B+^ip, + B^iiX") -\Y1 ^ijiB+-iPj + B+^i^'') 

i=5 ij=5 



'4 
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The mixed quartic Hamiltonian is 

. 8 

i=l 

8 



6 



2 2 



+ 12^ "?<^++ - 7 5^ ^^f (^+56 + 5+78) 



i=l 



O 

i=5 



jj=l ij=l 
i,j=5 

.48 .88 

^ E E [^-^i^'i - ^-^i^"] +YclZJ2'j [(PiPj - ^"X'')B^i, + {p^X'' - X"p,)B4ij 



=1 j=l 

3 8 



-'-Y,Y.''^[B+^JPJ - B+^JX'' 



1=1 j=5 

8 . 3 

jU4 '^{B+4iPi + 3B+4iX") + -ii4 ^(5+4j^»i - B+iiu'i) 



i=l j=4 



i=5 



i=l 



tY.Y1 (^+^^- - B-ij){PtPk - X'^X'"") + - B.i,){piX''' - X''pk) 



4c 

i=l j,k=5 



8 8 

+ ^ E E^^J- [(^'^^'^ + + Ejk) + (^'Vfc - Ejk) 

i,j=5 k=l 

(D.ll) 

In these expressions the fermionic coordinates are given in terms of the physical fermions 
and their conjugate momenta , p 



(D.12) 



where E = -f (P+ + 2P_). 

Eqs. (D.l, D.2,D.3, D.7,D.10, D.ll) are the starting point for the computation of the 
corrections to the energy of certain string states which is performed in this Paper. 

E Gamma-matrix conventions 

Define the real 8x8 matrices 71, ...,73 as in [6]. They obey 



71 72^ 73717576" 777j = ^8 , 7^ 727^ 747^7677" 78 = -h 



(E.l) 
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where In is the n x n identity matrix. Define the 16 x 16 matrices 71, ...,79 by 

--(|o) -^(M) <^-^' 

The matrices 71, ...,79 are symmetric and real and they obey 

{7i>7i} = 2(5ij/i6 , i, j = 1, ...,9 , 79 = 7172 •••78 (E.3) 
Define the 32 x 32 matrices 

These matrices are real and obey 

{r„rb} = 2r/,b/32,i,i = o,i,...,9,ii , rn = r0ri---r9 (e.s) 

We define 

7n-i2fc = ■ ■ ■ ll^] . 7ni2-i2fc+i = 7[^i7i2 • • • > = 1, •••> 8 (E.6) 

7n-i„ = 7[n7i2 • • • li„] > k = I, 9 (E.7) 

rni2-j„ = r[iiri2 • • • Tj^] , = 0,1, ...,9,11 (e.s) 

F Small c limit of S{n) 

For completeness in this Appendix we report the small c behavior of the sum S{n) (4.7). 
We follow the procedure used in [74] for a similar calculation in a different context. By 
defining 

oo 

Sb{x) = J2Ko{px) (F.l) 

p=i 

one can compute its Mellin transform, namely 

poo poo ^ poo poo 2 2 

Mb{s)= dxx'^^Sbix) = \2 dxx'-^Ko{px) = ^2 dx ^ x^'^ e-*+^F.2) 

where in the last step we have used a specific integral representation for the Modified Bessel 
Functions of the second kind Kq{x), cf. e.g. [75]. After integrating we obtain 

oo 



M,{s) = r-^T^ = 2^-'C(^)r2 (^) (F.3) 

p=l 



We can now perform the inverse Mellin transform of Mb{x), namely 

fC+ioo 



1 rLy+too 

Sbix) = — / x-'Mbix)ds (F.4) 
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The integral is well defined and to compute it we must close the contour and use the residue 
theorem. For this purpose it is convenient to change the argument of C{s) in the integrand 
according to [75] 

Cis) = ^ 



so that 



= (-] ^ T^r f VI r ( ^ ) c(i - s)ds (F.6) 



2vri Jc~ioc \x J 4^ 

Closing the contour C on the left we pick up the poles for s = 1,0, —2A;,... , for k 
1, 2, 3, . . . , which gives 

. ^ ^ (, _ (I)) , I (^)- r (. . i) . (F. 

We repeat the same technique for the other alternating sum 

oo 

Sf{x)=Y,{-lfK^{px) (Fi 
p=i 



7) 



and obtain a similar result 



Hence the total sum S{n) in Eq. (4.7) reads 

= -15^ ('^/(^c) - 5,(7rc)) = (F.IO) 

Finally from the above expression one can easily read off the small c leading behavior of 
S{n) 



4n 8nlog(2) ^ _ c (3n^C(3) + log(2)) _ 3c^ , ^ f 3^ 
c2i22 + cm 2nR^ nm 32 (n3i?2) + ^ 1^ j 

(F.ll) 
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